1. Introduction. The emergence of Transformation Groups as a separate branch of mathematics about a hundred years ago is connected with the names of Sophus Lie and Felix Klein. The invariant theorists of the day asked to find all invariant polynomials of a given linear group G. Let us fix the field C and let/: C n+1 -» C be a polynomial mapping. A related question asks for Aut(ƒ), the group of linear transformations leaving ƒ fixed. Call z a critical point of ƒ if the partial derivatives df/dz; vanish at z. A critical point is called isolated if it is the only critical point in some neighborhood of z. In the context of invariant theory ƒ is homogeneous of degree m. If m > 2, then 0 is a critical point, and if it is isolated, then it is the only critical point of/. Lie [49] noted (without proof; for history and a proof see Orlik and Solomon [59] ):
THEOREM. If G is a linear group leaving a homogeneous polynomial ƒ of degree m > 3 invariant, and the critical point of f at 0 is isolated, then G is finite. In particular, Aut( ƒ) is finite.
In his famous lectures on the icosahedron Klein [45] observed the connection between the binary icosahedral group G and the polynomial f(z 0 , z x , z^ = ZQ + z\ + z\. The ring of invariant polynomials of a representation of G in SU (2) is generated by three homogeneous polynomials of degrees 6, 10, 15. There is one polynomial dependence among them which (up to coefficients) reads z% + z\ + z\ = 0. Thus C 2 /G is isomorphic to the hypersurface V = f~l(0) in C 3 . In fact V is the cone over Poincaré's dodecahedral space. The critical point 0 of ƒ is isolated and it is also called an isolated singularity of V. Such a singular point has a (nonunique) resolution, consisting of a nonsingular ajgebraic variety V and a proper map ir\ V-> V such that the restriction TT: V -7r~l(0)-± V -0 is an isomorphism. Finding a resolution is in general rather cumbersome. However, this polynomial has a symmetry which may be exploited, in that for t E C we have ƒ(*%, t l0 z x , t l5 z^) = t^fiz^ z v z^), so Kis invariant under the action of the multipUcative group of nonzero complex numbers, C*. We shall return to this in §7.
This survey will consider some highlights of the interaction between Transformation Groups and Singularities from the last decade. I wish to thank I. Dolgachev, A. Durfee, H. Hamm, L. Kauffman, W. Neumann, T. Pétrie, R.
Randell, R. Schultz and P. Wagreich for providing valuable suggestions and references.
2. Degree of symmetry. In the case of a homogeneous polynomial ƒ, the group Aut(/) is a measure of its symmetry. Given an arbitrary compact, connected smooth manifold M m , one possible generalization is to consider the dimension of the largest compact Lie subgroup G of Diff (M m It was not envisioned then that the topological sphere could support exotic smooth structures. The degree of symmetry of an exotic sphere is considerably less than that of the standard sphere. For example Hsiang [41] proved that if K is an exotic (4k + l)-sphere, then N(K 4k+l ) < k(2k + 1) + 1. One may ask which are the "most symmetric" exotic spheres. These were found when Brieskorn [9] discovered that exotic spheres "occur in nature," i.e. that for certain polynomials ƒ: C n+l -> C with an isolated critical point at 0, we may choose a small sphere S 2n+l centered at 0 so that the link K = S 2n+l n ƒ ~ *(0) is an exotic sphere.
Consider the polynomial given by/(z) = z\ + z\ + • • • +*2*+i-W SO(2A: + 1) acts on the coordinates (z v ..., z 2 *+i) as a subgroup of U(2k + 1) then ƒ is invariant. Moreover, ƒ _1 (0) is invariant under the S l = U(l) action given by t(z 0 , Zj, . . . , Z 2k +i) = (t Z Q , t Z v . . . , t Z2k+l) ' distinct exotic involutions among these, see also Giffen [30] .
Thus the link
Another interesting question is whether a given group can act on a given manifold or class of manifolds. For example linear free actions of finite groups on spheres have been classified. A necessary condition on the group for the existence of such an action is that all subgroups of order pq be cyclic (p, q are not necessarily distinct primes). It is therefore natural to ask whether the meta-cyclic group of order pq can act freely on any homotopy sphere. Pétrie [66] gives a construction whose starting point is one of the singularities in consideration. with / = #" is invariant under the action of 7r. With proper choice of t and e, IT acts freely on K t = f~\t) n S e . Unfortunately, K t is not a homotopy sphere. It may be altered to yield the desired result by equivariant surgery, see Pétrie [66] for the nontrivial details.
Milnor fibration.
Let ƒ: C n+l -* C be a polynomial map with a critical point at 0. Let S e 2n+l be a small sphere about 0, let V t = {z OE C rt+1 |/00 = /} and K t = 5 e 2n+1 n K r Milnor [51] proves the following. If 0 is an isolated singularity of V Q9 then the following is true: (i) The typical fiber F = F t is diffeomorphic to V t n B e and it is an (n -l)-connected parallelizable smooth 2n manifold. The homotopy type of F is that of a bouquet of «-spheres whose number, /i is called the Milnor number of the singularity.
(ii) For \t\ < ô, K = K t are all diffeomorphic smooth (n -2)-connected (2n -l)-manifolds. Moreover, the closure of F is a compact manifold with boundary K. (iv) For n > 3, K is simply connected and we have a short exact sequence
where I is the identity map. In particular, These results have been extended to singularities of complete intersections by Hamm [35] .
5. Foliations. Polynomials with singularities played an essential role in the construction of codimension one foliations of all odd dimensional spheres. By a codimension one C 00 foliation of an m-manifold M we mean a decomposition of M into a union of disjoint connected codimension one subsets {& a } aEi A called the leaves, such that every point x G M has a neighborhood U and a system of local C 00 coordinates x = (x" ..., x m ): i/-» R m such that for each leaf £ a , the components of U n £ a are described by the equation x m = 0. If M has boundary, then we require that each component of the boundary be a leaf and the foliation extend to a smooth collaring of M by defining the leaves in the collar dM X [0, 1] to be the components of dM X {/}.
It is easily seen that for compact manifolds the vanishing of the euler characteristic is a necessary condition for a codimension one foliation. This rules out even dimensional spheres. Clearly, S l is foliated by its points. Reeb constructed a foliation on S 3 as follows. First foliate a strip of the plane by congruent curves, each asymptotic to the boundary as pictured in Figure 2 . Rotate about the center line to obtain a foliation of R X D 2 . Now divide by Z using the periodicity of the foliation to obtain a foliation of 5 1 X D 2 whose leaves are planes except for the boundary torus. Two such solid tori foliate S 3 . It was natural to ask whether all odd dimensional spheres admit a codimension one foliation.
Notice 
has a codimension one foliation by "wrapping the leaves around" K X S l . This latter is shown in 6. C*-actions. Klein f.= Û (</-?,)/ïïft = â(w ( -l).
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Note that a priori this product is not an integer. This result has been extended to complete intersections by Randell [77] and Hamm and Greuel [37] . Additional information about the Milnor fibration is in the characteristic map h: F-+F and its induced map in homology, the monodromy. Let £ = exp(2m/d). Then we have A(z 0 ,..., z n ) = (£%,..., £^z"). The eigenvalues of the monodromy transformation h+ are computed by Milnor and Orlik [53] , but this suffices only to determine the rank of H n " x K and H n _ 2 K. In order to find the torsion coefficients of H n __ 2 K it is necessary to obtain the integer matrix of h+ with respect to some basis. This been done for some types of quasihomogeneous polynomials by Randell Then there is a natural homotopy equivalence between F f and F g * F h , where F g * F h is the join of F g and F h with the strong topology.
COROLLARY (SEBASTIANI-THOM [82]). The monodromy of ƒ is the tensor product of the monodromies of g and h.
A particularly simple example is provided by the one-variable case f(z) = z a . The fiber F = / _1 (1) consists of a points and JU, = rank H 0 (F) = 'a -1. Choosing a suitable basis the monodromy matrix is given by the companion matrix of the polynomial (t a -l)/(f -1): (0) -» V -0 is an isomorphism. Let X « ^"^O). Then X = U 1 = \X t where each X t is a compact, nonsingular curve and X t n Xj is either empty or consists of a single normal crossing. Thus V arises by collapsing X to a point in V. In particular the link K of 0 G F is diffeomorphic to the boundary of a tubular neighborhood of X in F. We may associate a weighted graph T to the resolution as follows. To each curve X t assign a vertex e, weighted by a nonnegative integer g" the genus of X t and a negative integer (-/*,) corresponding to the euler class of the normal bundle of X t in V or equivalently the algebraic intersection number X t • X t . The graph T contains all topological information about the resolution, so when we are given a singularity finding a resolution will mean finding a weighted graph T. If V is invariant under the action of a group G 9 we call ( V, TT) an equivariant resolution if V admits a G-action and m is an equivariant map. 
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we obtain the resolution shown in Figure 6 . FIGURE 6 We conclude that for the binary icosahedral group G the quotient C 2 /G may be embedded in C 3 as the hypersurface defined by z% + z\ + z\ = 0 and the resolution of its singularity at 0 yields the Dynkin diagram of the 8. Deformation. Let ƒ: C n+1 -» C be the germ of a holomorphic map at 0 and assume that 0 is an isolated critical point. Let 0 be the ring of holomorphic functions at 0 and let (9/) • (9//9z 0 ,..., df/dz n ) be the ideal generated by the partial derivatives of ƒ. Then 0 /(9/) is a finite-dimensional vector space over C. In fact Palamodov [65] showed that din^© /(9/) = /x, the Milnor number. A topology may be defined on 0 so that for polynomials it is the usual topology given by the euclidean distance of the coefficients of the respective monomials. 
where V n+l is the (« + Xydimensional volume of T_(f) and for 1 <q < n V q is the sum of the q-dimensional volumes of the intersections of T"(f) with the q-dimensional coordinate planes.
For isolated singularities the Milnor fiber has homology only in dimensions 0 and n, the latter of rank /A. Thus its euler characteristic equals x = 1 + (-l)>so X-K,-2!F 2 +... + (-l)"(#i + l)!K ll+1 .
Varchenko [88] has shown that this expression gives the euler characteristic of the Milnor fiber regardless of the singularity of ƒ, provided its main part is nondegenerate. The Newton diagram of a quasihomogeneous polynomial Hes in a hyperplane so it is particularly tractable. This enables Oka [57] to obtain topological conclusions from assumptions about the behavior of the Newton diagram.
11. Automorphic forms. As we noted in the introduction, Klein's variety defined by z% + z\ + z\ = 0 in C 3 is the quotient space of C 2 by the action of the binary icosahedral group G. The corresponding 3-manifold K whose orbit invariants were obtained in §7 is the homogeneous space SU(2)/G. The natural question arises, which singularities are obtained as quotients by a group action. For finite subgroups of SU (2) Otherwise G is properly discontinuous on the euclidean plane P E « C or the hyperbolic plane P H = {z G C||z| < 1}. In the latter cases the domain D is a trivial C* bundle over P E or P H and it is not hard to compute the action of G with respect to a trivialization.
More generally if F is a complex variety and G a group of its automorphisms, we call a line bundle/?: L -> V with G-action an automorphic factor with respect to G if
In our case L = F X C, with V -P E or P H corresponding to the insertion of a zero section to the bundle V X C*. Here the structure of the automorphic factor on L is determined by a function h: G X K-> C*, holomorphic in z and subject to the condition
The action on L is given by g(z 9 a) = (gz, h(g, z)a) . If L and V are automorphic factors for G, then L® L' is a line bundle with G-action In the case of finite groups G the algebra of G-invariant homogeneous polynomials is finitely generated and there is a natural isomorphism between the variety defined by it and C 2 /G. If G is infinite, then the only G-invariant polynomials are constants. The replacement is a G-automorphic form on V relative to the automorphic factor L: a holomorphic function/: [28] . Its connection with our present subject, the isolated singularities of quasihomogeneous polynomials, was known to F. Klein [33] .
The
there is a normal subgroup G'cG which acts freely and discretely on V,
(ii) the factor space V/G is a compact analytic space, (iii) for some G'cC satisfying (i), the quotient L/G' determines a positive line bundle over the manifold V/G'. As usual given a ring A the space Spec(^4) is its spectrum of maximal ideals. The following result of Dolgachev was announced in [19] and proved in [20] . Deligne [17] showed that M is a K(TT, 1) space if G is a real reflection group. It is not known whether the same holds for unitary reflection groups.
13. Related topics. The subject of Singularities has grown tremendously in the last decade. There is no adequate survey of the subject as a whole. The material for this article was selected on the basis of its connection with Transformation Groups. For the convenience of the reader interested in other aspects we shall list references for some major areas of current activity.
(i) Golubitsky and Guillemin's book [31] is an excellent introduction to the Thorn-Mather theory of the stability of mappings and the stability of unfoldings, the classification of singularities, the Thom (ii) Arnold [4] gives a general survey of his classification of singularities with small Milnor number, the adjacency problem and applications to caustics, wavefronts and oscillating integrals. Recent advances in the classification and adjacency are reported by Arnold [5] and by Siersma in [80] .
(iii) Methods using stratifications, polar curves, Lefschetz pencils and Morse theory have been applied in various forms, see Hironaka's article in [80] , A'Campo [1], Lê's papers in [73] , [80] , [83] , Hamm and Lê [36] and Teissier's reports in [73] , [83] .
(iv) Many tools of algebraic geometry are used in singularities. Lipman gives an introduction to the resolution of singularities in [73] . The problems of equisingularity and deformations are treated by several authors in [73] , [80] , [83] . The enumerative theory is reviewed by Kleiman in [80] . Tessier treats the invariants of the discriminant in [80] . The fact that the Milnor fiber is a Stein manifold and therefore its cohomology with complex coefficients is isomorphic to the cohomology of its de Rham complex of holomorphic differential forms is used by Brieskorn [12] and Greuel [34] to develop a singular local Gauss-Manin connection, which gives an algebraic method of computing the monodromy. Steenbrink's article in [80] is a good introduction to mixed Hodge structures.
(v) The actions of the complex torus are treated by Kempf, Knudsen, Mumford and Saint-Donat [44] . Connections between C*-actions and vector fields on compact Kaehler manifolds are discussed by Carrell and Lieberman [13] and by Carrell and Sommese [14] .
